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Motivation: parametrized
M ∼= Σ× I where I = [t0, t1]
Diff+
sp
(M) :=
{
Z : M →M diff. / TZ.∂t future timelike
Z(Σ× {t}) spacelike
}
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Part II: Our model
J. Margalef Bentabol — Hamiltonian dynamics of the parametrized scalar field with boundaries
Scalar Field Action
(M ∼= Σ× I, g)
SD : C
∞
D
(M)→ R C∞
D
(M) = {ϕ : M → R / ϕ|∂LM = 0}
SD[ϕ] =
∫
M
g(∇gϕ,∇gϕ)volg
=
∫
M
g−1(dϕ,dϕ)volg
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Parametrized Scalar Field Action
SD[ϕ] =
∫
M
g−1(dϕ,dϕ)volg =
∫
M
Z∗
[
g−1(dϕ,dϕ)volg
]
=
=
∫
M
Z∗
[
g−1
(
dϕ,dϕ
)]
Z∗volg =
=
∫
M
(g−1 ◦ Z)
(
dϕ,dϕ
)
volZ∗g =
=
∫
M
((Z−1)∗g−1)
(
dZ∗ϕ,dZ∗ϕ
)
volZ∗g =
=
∫
M
[Z∗g]−1(dZ∗ϕ,dZ∗ϕ)volZ∗g
ψ := Z∗ϕ
−→ SP
D
[ψ,Z] :=
∫
M
[Z∗g]−1(dψ,dψ)volZ∗g
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SD : C
∞
D
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SD[ϕ] =
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SP
D
: C∞
D
(M)×Diff+
sp
(M) −→ R
SP
D
[ψ,Z] :=
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M
[Z∗g]−1(dψ,dψ)volZ∗g
Z∗gψ = 0
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If (ψ,Z) is a solution, then so is (ψ ◦ Y,Z ◦ Y ).
SP
D
[ψ ◦ Y, Z ◦ Y ] = SP
D
[ψ,Z]
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Part III: Hamiltonian Framework
J. Margalef Bentabol — Hamiltonian dynamics of the parametrized scalar field with boundaries
Hamiltonian Framework
SP
D
=
∫
M
[Z∗g]-1(dψ,dψ)volZ∗g
M ∼= Σ× I
3+1
=⇒ SP
D
=
∫
I
dt
∫
Σ
(something)t
Lagrangian LP
D
: D ⊂ TQ→ R
Fiber derivative FLD : D ⊂ TQ→ T ∗Q
Hamiltonian HP
D
: FLD(D)→ R
Important things to retain
LP
D
homogeneous of degree 1, hence HP
D
= 0.
In fact, this is true for any parametrized theory.
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D
homogeneous of degree 1, hence HP
D
= 0.
In fact, this is true for any parametrized theory.
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Part IV: The geometric arena
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TEmb(Σ,M)
VX (σ1) := X˙0(σ1) =
d
dλ
∣∣∣∣
0
X
λ
(σ1) ∈ TX(σ1)M
TM
Σ M
VX
X
X
0
(Σ)
(Σ× I, g)
Σ
X
0
V
X
∈ T
X
Emb(Σ,M)
(Σ)
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Tensor fields on E := Emb(Σ,M)
n ∈ X(E)
~nX ∈ TXE = Γ(X∗TM) / ~nX ⊥ X(Σ)
X ∈ E τ7−→ TX : TΣ→ TM τX .~v ‖ X(Σ)
VX ∈ TXE VX = g(~VX , ~nX)~nX + τX .~v Decomp. in X(Σ)
V ∈ X(E) V = V⊥n+ τ.~v
T
Decomp. in Emb(Σ,M)
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Variations
X : R→ Emb(Σ,M)
X : R
∂t
× Σ→M
D(X,X˙)T := ∂t
(
T (Xt)
)
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Variations
X : R→ Emb(Σ,M) X : R
∂t
× Σ→M
D(X,X˙)T := ∂t
(
T (Xt)
)
V,W ∈ X(E) [V,W ]X := D(X,VX )W −D(X,WX )V
Hypersurface deformation algebra
[V,W ] =
(
DVW⊥ −DWV⊥ +∇~w T V⊥ −∇~v TW⊥
)
n+
+ τ.
(
DV ~w
T −DW~v T +W⊥∇γV⊥ − V⊥∇γW⊥ − [~v T , ~w T ]
)
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Part V: Back to the Hamiltonian
J. Margalef Bentabol — Hamiltonian dynamics of the parametrized scalar field with boundaries
Hamiltonian vector field
Symplectic form(
FLD(D), j∗Ω
)
j
↪−→
(
T ∗QD,Ω
)
If Z ∈ X(FLD(D)) then Z =
(
q,X, p;Zq, ~ZX, Zp)
ZHy j∗Ω = dH = 0
(ZH)q = −
p√
γX
Z⊥ + dq(~z
T )
(ZH)p√
γX
= divγX
(
p√
γX
~z T + Z⊥~∇γq
)
(~ZH)X
= Z⊥~nX + τX .~z
T
arbitrary
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